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Abstract 

This paper has various goals: first, we develop a local and global well- 
posedness theory for the regularized Benjamin-Ono equation in the peri- 
odic setting, second, we show that the Cauchy problem for this equation 
(in both periodic and non-periodic case) cannot be solved by an itera- 
tion scheme based on the Duhamel formula for negative Sobolev indices, 
third, a proof of the existence of a smooth curve of periodic travelling 
wave solutions, for the regularized Benjamin-Ono equation, with fixed 
minimal period 2L, is given. It is also shown that these solutions are 

1/2 

nonlinearly stable in the energy space H pl , r by perturbations of the same 
wavelength. Finally, an extension of the theory developed for the regu- 
larized Benjamin-Ono equation is given and as an example it is proved 
that the cnoidal wave solutions associated to the Benjamin-Bona-Mahony 
equation are nonlinearly stable in Hp er . 

1 Introduction 

In this work we are interested in the study of the regularized Benjamin-Ono 
equation (rBO equation henceforth) 

u t + u x + uu x + Hu xt = 0, (1.1) 
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where u is a real- valued function and Ti. denotes the Hilbert transform defined 
via the Fourier transform as 



Hf(k) = -isgn(k)f(k), 



where 



sgn(k) 



( 



1, k < 
1, fc>0. 



The regularized Benjamin-Ono equation is a model for the time evolution of 
long-crested waves at the interface between two immiscible fluids. Some situa- 
tions in which the equation is useful arc the pycnoclinc in the deep ocean, and 
the two-layer system created by the inflow of fresh water from a river into the 
sea, see [37] ■ This equation is formally equivalent to the Benjamin-Ono equation 



which was first introduced by Benjamin [12j and later by Ono [33) as a model 
equation for the same situation as the rBO. Being more specific, for suitably 
restricted initial conditions, the solutions u of (jl.ip and v of (| 1 . 2[) are nearly 
identical at least for values of t in [0, T] where T is quite large, see [1] for more 
details. See also [I] for a more detail discussion about the advantages and dis- 
advantages of using equation (|1.2[) or p.l[) for modelling the propagation of 
small-amplitude long waves. 

As far as we know in the periodic setting there does not exist any result 
about the well-posedness problem for the equation (|1.1| . We prove that the 
periodic initial value problem 



with initial data in periodic Sobolev spaces Hp er ({— L, L]) is locally wellposed if 
s > 1/2 and globally wellposed if s > 3/2. These results on existence, unique- 
ness and continuous dependence on the initial data of solutions to (|1.3[) have 
no special difficulty, and we were able to established them almost in the same 
way as in Bona and Kalisch [18], where they were obtained on the real line. 
Local well-posedness can be proved using a contraction argument in the space 
C([0, T]; H*) and global solution is obtained via a priori estimates. 

The rBO equation possesses three conservation laws: 



v t + v x + vv x - Hv xx = 0, 



(1.2) 



u t + Mi + uu x + 7iu xt = 0, teR, 
u(x,0) = u (x), 



(1.3) 




(1.4) 



and 



udx. 
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This suggests that the space H?(M.) (or Hp er ) is a good candidate for a global 
well-posedness theory of the Cauchy problem associated to (jl.lj) . This problem 
is open in H S (M.) (or Hp er ) with s < 1/2 and one of the goals of this paper is 
to present some obstructions to its solution by iteration methods. More pre- 
cisely, we prove that the flow map data-solution cannot be C 2 for s < 0, in 
both, periodic and non-periodic case. This kind of ill-posedness was studied by 
Bourgain in [T7] and Tzvetkov in [35] for the KdV equation; Molinct, Saut and 
Tzvetkov in [30] and [31] did the same for the Benjamin-Ono equation and the 
Kadomsev-Petviashvili I (KPI) equation, respectively. As far as we know, there 
does not exist any result about ill-posedness for the rBO on the periodic and 
non-periodic cases. 

The last part of the paper is dedicated to another important qualitative 
aspect of nonlinear dispersive equations, the travelling wave solutions, which 
depending on the specific boundary conditions on the wave's shape can be ei- 
ther solitary or periodic waves. The existence, nonlinear stability and instability 
of solitary wave solutions have been discussed in the past two decades from sev- 
eral points of view. Many techniques have been created to find solutions and 
sufficient conditions have been obtained to insure the stability or instability of 
this kind of waves, see for example [I], [2], [5], [11], [12], [15], g2], [23], [33], [36], 
[37 . In contrast to the study of solitary waves, the periodic travelling wave 
solutions has received less attention. In recent years some papers in this subject 
have appeared, see for instance [6]. [5]. [5]. [ID]. [20], [21]. [25]. 

In this paper we are interested in giving a stability theory of periodic trav- 
elling wave solutions for the nonlinear dispersive equation (]1.1|) . The periodic 
travelling wave solutions to be considered here will be of the general form 

u(x, t) = <p{x — ct), 

where : K — > R is a smooth 2L— periodic function and c =/= 1. So, by replacing 
these permanent wave form into (|1.1[) . integrating and considering the constant 
of integration equal to zero, we obtain 

cHct>' c + (c - l)<j> c - -<g = 0. (1.5) 

In the framework of travelling waves of solitary type, it is known the existence 
of solutions for p.5[) in the form 

M*) = - , (i-6) 

where c > 1. The stability theory for this solitary wave was established by Al- 
bert, Bona and Henry in [2]. Additionally, Kalisch in [27] exhibited a periodic 
family of travelling wave solutions (depending of the speed) with period 27r, for 
the rBO and used it to test the rate of convergence of a numerical scheme, which 
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was introduced in [TS] to prove that the equation does not constitute an 
infinite- dimensional completely integrable system. 



For L > 7r and c > 1 + y-^— , we prove the existence of a smooth curve of even 
periodic travelling wave solutions for (jl.ip . The construction of this solutions is 
based on the Poisson Summation theorem (as in Angulo and Natali [10] V The 
family of solutions is given by 



= SinK??) / A 1 

L ycosh^) -cosf^J 

with r\ satisfying 

,( c ) = te ^-x(_£!L_). (i.8) 

Concerning the nonlinear stability of this family of periodic solutions we extend 
the classical approach developed by Benjamin [TT], Bona [5] and Weinstein [3^1 
to the periodic case. More precisely, we use the conservations laws (|1.4[) to prove 

that the orbit f^ c = {(f> c (- + y) ■ y G R} generated by the wave C is orbitally 

i 

stable in Hp er ([—L, L]) with regard to the periodic flow of the rBO equation. 

In order to get the spectral conditions required to prove the nonlinear sta- 
bility, we use the recent theory developed by Angulo and Natali [TU] . Although 
their theory was established for another kind of equations we still can apply it 
to obtain an specific spectral structure associated to the non-local operator 

£ = cHd x - 1 + c - </) c . (1.9) 

In the last section of the paper the theory established for the rBO equation 
is extended for a general family of regularized equations. We study a class of 
equations of the form 

u t + u x + u p u x + Hu t = 0, (1.10) 

where p > 1 is an integer and H is a differential or pseudo-differential operator 
in the context of periodic functions. Note that a considerable range of equations 
arise in practice. For instance, if you consider H = —d x you get the generalized 
Benjamin-Bona-Mahony equation and if H = 7id x we obtain the generalized 
regularized Benjamin-Ono equation, so the stability issues for the generalized 
class (jl.lOp are not just of mathematical interest. 

We give sufficient conditions to get the nonlinear stability of periodic wave 
solutions associated to equations of the type (|1.10[) . and as example we prove 
that the cnoidal wave solutions of the BBM equation, with fundamental period 
L > 2-7T, are orbitally stable in iT^QO, L]), for speeds c > 1 + jpz^p. ■ 

This kind of generalization in the context of solitary waves have been studied 
before, see for example [2] and [H] . In the periodic setting Haragu§ in [25 proved 
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the spectral stability of periodic travelling wave solutions, for the generalized 
BBM, which are small perturbations of the constant solution u = (c — l) 1//p , 
in both L 2 (R) and C&(R). If 1 < p < 2, she proved spectral stability for c > 1 
and for p > 3, there exists a critical speed c p such that the periodic waves are 
spectrally stable for c G (c p , ^33-), and unstable for c € (1, c p ) U , 00) Also 
it is worth to note that Hakkaev, Iliev and Kirchev in [21] studied the orbital 
stability of a type of generalized BBM and Camassa Holm equations. The family 
of BBM equations that they investigated were of the form 

u t + 2uju x + 3uu x — u xxt = 0, w£R. 

They proved the existence solutions of the cnoidal type, but they only proved 
the orbital stability of this solutions in the case u> = 0. 

Finally, this paper is organized as follows: In Section 2 we introduced some 
notations to be used throughout the whole article; in Section 3, we prove the 
global well-posedness result in the periodic setting; in section 4, the ill-posedness 
result is obtained; in Section 5, we show the existence of periodic travelling waves 
using the Poisson Summation theorem, in Section 6, the spectral properties 
needed to obtain the nonlinear stability are gotten, in Section 7, we get the 
stability of the waves based on the ideas in [I], [TO], [TT] and [3B], in Section 8, 
we present the extension of the theory, then we used it to proved the stability 
of cnoidal waves associated to the BBM equation. 

2 Notation and preliminaries 

The I/ 2 -based Sobolev spaces of periodic functions are defined as follows (for 
further details see [26]). Let V = C^ r denote the collection of all functions 
/ : R — > C which are C°° and periodic with period 2L > 0. The collection V' of 
all continuous linear functionals from V into C is the set of 'periodic distributions. 
If ^ 6 V' then we denote the value of \I/ at ip by \&(y>) = <f). Define the 
functions ®k{%) = exp(Trikx / L) , k 6 Z, x E R. The Fourier transform of \& is 
the function $ : Z — > C defined by the formula $(fc) = ^(*, ip), k £ Z. So, if 
"F is a periodic function with period 2L, we have 

1 f L 

$(fc) = — / ^(x)e"^ !L dx. 

J-L 

For s£l, the Sobolev space of order s, denoted by H^ er {\— L, L]) is the set of 
all / e V such that (1 + |fc| 2 ) s |/(fc)| 2 e Z 2 (Z), with norm 

OO 

\\f\\ 2 H}er =2L (l + |fc| 2 ) s |/(fc)| 2 . 

k— — 00 

1 Here — ^ = oo, if p = 3. 
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Recall the inversion formula 

oo 

f(x) = 

k— — oo 

and the convolution formula 

(f*g)(k) = Tg(k), 

where the convolution of two functions f and g on Z is formally defined by 

CO 

(/*?)(*)= E f(k-n)g(n). 

n— — oo 

We also note that H* er is a Hilbert space with respect to the inner product 

oo 

{f\g). = 2L J2 (l + \k\ 2 ) s f(k)W) 

n— — oo 

In the case s = 0, H per is a Hilbert space that is isometrically isomorphic to 
L 2 {[-L,L\) and 

L 



{f\g)o = (f,g) = J fgdx. 



The space #p er will be denoted by L per and its norm will be || • Hl^. Of course 
Hp er C ip er , for any s > 0. Moreover, (J?* er )', the topological dual of -ffp er , 
is isometrically isomorphic to if^* for all s g K. The duality is implemented 
concretely by the pairing 

oo 

(f,g) s =2L J2 f(k)W), for fGH~: r , g e H s per . 

k— — oo 

Thus, if / g L per and g g Hp er , with s > 0, it follows that (/, g) s = (f,g). 
Additionally, in the particular case s = \ we will denote the pairing (f,g) a 
simply by (/, g) . One of Sobolev's Lemmas in this context states that if s > | 
and 



C P er = {/ : M — ► C | / is continuous and periodic with period 2L}, 
then H s per ^ C per . 

If Y is a Banach space like H per , and T > 0, then C([0,T];Y) is the space 
of continuous mappings from [0,T] to Y and, for k > 0, C fe ([0, T]; Y) is the 
subspace of mappings t u(t) such that d(u £ C([0,T];Y) for < j < k, 
where the derivative is taken in the sense of vector-valued distributions. This 
space carries the standard norm 

k 

\\u\\c"([o,t];Y) =^max T \\diu{t)\\ Y . 
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Co denotes numeric positive constants which can change form line to line. For 
any positive elements A and B the notation A < B (respectively, A > B) 
means that there exist a positive constant Co such that A < cqB (respectively, 
A > CqB). The notation A ~ B means that A < B < A. Finally n{A) denotes 
the Lebesgue measure of the set A. 

Next, we present the Poisson Summation theorem. It will be used in Section 
5 and 8 to find the periodic travelling wave solutions for the rBO and the BBM 
equation, respectively. 

Theorem 2.1 Let = f{x)e~ lx ^dx and f{x) = f^fte**^ sat- 

isfy 

where A > and S > (then f and f can be assumed continuous functions). 
Thus, for L>0 



n— — oo n— — oo 



The two series above converge absolutely. 

Proof: See for example [34]. □ 



3 Well-posedness results 

In this section we study the well-posedness for the periodic initial value problem 
(|1.3[) . For simplicity in this section we wiil consider L = n. 
First, rewrite as 

{l + Hd x )u t = -(u+±u 2 ) x , 
since Hd x > 0, formally we have 

u t = -d x (1 + Hdxy 1 (u + \u 2 ) = K(u + iu 2 ), 
where K is given explicitly by its Fourier transform as 

— lyi 

Ku{n) = —^uin). (3.1) 
1 + |n| 

Integrating and using the initial condition we get 

u(x, t) = uq(x) + / K{u + ^u 2 )(x, r)dr, 
Jo 
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for all x G M and t > 0. 

Let s > | and T > 0, define A on X = C([0, T];H° er ), by 

Au{t)=u Q +[ K(u+ iu 2 )(-,r)dr. 
Jo 

Using (|3.1[) and the fact that -ffp er , with s > | is Banach algebra we obtain 

m«(t)||*. er < ||tio|U + T (\\u\\ x + f\\u\\ 2 x ) . (3.2) 
On the other hand, if u, w G X, then for < t < T we get 

\\Au{t) - Aw(t)\\ H * er < T\\u - w\\ x 

Now, define M = {u G X : \\u\\ x < R}- If u,w G M from d3T2j) and (33]) we 
conclude 

||Au||jt < ho||x + T(i? + yi? 2 ) 

and 

< T\\u-w\\ x (l + c R). 

Taking i? = 2||tt ||x and T = |(1 + coi?)" 1 , it follows that A : M — ► M is a 
contraction, hence there exists a unique w G M such that Att(t) = u(t) for all 
i G [0, T]. Collecting this information we have the next theorem. 

Theorem 3.1 Suppose s > |, then for all Uq G Hp er ([— ir, tt}) there exists T = 
^\ll M ol|if= cr ) > and a unique solution of il.3\) on the interval [— T, T], such that 
u G C([—T,T];Hp er ). Furthermore, for all T' < T there exists a neighborhood 
V of uq in Hp er {[— n, tt]) such that 

IF : V — ► C([-T',T'}; fi^([-7r,7r])), u -> 5(f), 

is Lipschitz. 

Now, we study the global well-posedness. The following lemmas are useful to 
derive an a priori estimate. 

Lemma 3.1 Suppose uq G Hp er , where s > \ and let u be the corresponding 
solutions of ll.3\) on the interval [0, T] . Then for all t G [0, T] 

Lemma 3.2 If s Q < s < si, with s = 8s + (1 — 9)s±, and < 9 < 1 , then 
there exists a constant C > 0, such that 

\\J s fhl er < C\\ J So f\\ e Ll J J si f\%l, (3-4) 

where J s = (1 + A)' ( The Bessel potencial of order s). 



(3.3) 
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Lemma 3.3 Let s > 1, then there exists a constant C — C(s) > such that 

lk a (/5)-/^slUi. r <c{||ax/|Ulls|| ff .- l + ||^/||^||slu} (3.5) 

where \\g\\ A = J2kL-oo \K k )\- 

The proof of Lemma |3~T1 is immediate from the conservation law F in (|1.4p (see 
for instance [5]), the proof of Lemma \3. 21 can be found in [T3] and Lemma J3.3I 
is a commutator estimative, see Lemma B.3 in |26) . Next, we establish the 
promised estimate. 



Theorem 3.2 Let s > 3/2. If u € C([0, T], if" ) is a solution o/ ([Op i 



/// 



[0, T] x R, iot£/i initial datum ito, fien £/iere exist constants C — C(\\uq\\ 3 ) > 
and C s — Cs^uqWhs^) > such that 



sup \\u{t)\\ H s <C s e CT (3.6) 
te[o,T] 

Proof: First we will establish the result in the case s = 3/2, for this consider 
a sequence {u n }™ =0 in C 1 ([0, T],H™ r ), converging to u in C l ([0,T},H% r ) and 
define F(w) = v t + v x + vv x + Hv xt . Then F(u n ) in C([0, T],H^ er ) and 
{<92 M «}£L i s bounded in C([0, T], if~J). In fact, 

OO OO 

H^WH^i < 2tt X! (l + |fc| 2 )^|fc| 4 |^(fc)| 2 <27r £ (l + |fc| 2 )i|^(fc)| 2 

per /c— — - oo k— — OO 

= IKWII 2 1 

pe r 

and 

||F(u")|| i <K-n t || i +||<-^|| i +||W« t -^t)|| i +\\u n u n x -uu x \\ i 

''per "per "per "per "pe 

<2K-«t|| a + |K -n|| 3 +K(u"-t*)|| i + ||u(i£-u a )|| i 

"per "per "per "per 

<2K-« t || 3 + K -n|| s +c |K|| 1 ||u"-u|| 3 

"per "per "per "per 

+ CHI 3 K-tteH 1 <2||<-u t || 3 + |K -«|| 3 

AY H /-/ /-/ 

per "per 2J per "per 

+ co|K|| 3 ||« n -u|| 3 +co||u|| 3 ||« n -«|| 3 , 

" per " per " per " per 

1 

where we used the fact that ||m;|| 1 < collull 1 , if u € i? D 2 er and 

II TJ^ ff ^ per' ^ 

"per "per 

u S #* er with s > 1. Hence, (F(u n ),d%u n ) -> 0, when n -> 00, in C([0,T]). 
On the other hand, since ti" is smooth, we have that 

2{F(u n ),%u n )=-±\\u»(.,t)\\ 1 - T {u n x fdx. (3.7) 

lit liner .1 — -7T 
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The Sobolev inequality and (|3.4|) imply that there exists a positive constant cq 
such that 

{d x ffdx < \\d x f\\ 3 L3 <co\\d x f\\ 3 , < Co ||/ll 3 i <c \\f\\ 3 K ||/|| 3(1 3 _l) 

Per rr 6 f/6 rrl ttI 

f j.j. per j.j. per n per rip er 

= co\\f\\i ll/ll 2 3 (3.8) 
Integrating (|3.7[) form to t and using (|3.8|) we get 

1 {F{u n ),dlu n )dT < ||u™(-,0)|| 2 i -||<(-,t)f i 

i/ 2 £T 2 

±J -per 11 per 

t 

2 



+ c ||« w (-,r)|| i |K(.,r)r , dr. 



Using the last inequality we obtain, 



KM)ll 2 i <\\u n (-,t)\\ 2 1 + IKM)II% <IKM)II% + IK(-,o)|| 2 

TT 2 rr 2 ri 2 tt 2 tj 

per per per per 

+ co / K(.,r)|| i |K(-,t)|| 2 3 dr-2 f (F(u n ),d 2 x u n )dr 



Taking the limit when n — > oo and using Lemma 13. li yields 



\\u(-,t)\\ z i <2\\u \\' s +c \\u \\ i / \\u(;t)\\ 2 3 dr. 

H pGr H pEr H per J q H per 

Finally by the Gronwall inequality we have that 

2 / OIL. II 2 



||u(-,t)|! 2 f <2||u || 2 3 exp lcit||uo|| i 
for all t G [0, T], so we have the result in the case s = 3/2. 

For the general case suppose that (|3.6J) is true for r > 3/2, and let s = r +a, 
with < a < 1/2. Additionally, with the only goal of making the reading 
easier, let us define r = s — 1/2. We will prove that the inequality holds 
for s. Consider {u n }^ =0 a sequence in C 1 ([0, T], H^ r ) such that u n — > u, in 
C x ([0, T],Hp er ), then F(w") -> 0, in C([0, T],H^) and { J r u™}^ =0 is bounded 
in C([0, T},Hp~ r r ). Therefore, (J r u™, J r F{u n )) — > in C([0, T]), when n -► oo. 

Let us define v :— u n , it easy to see that 

2(J r v, J r F(v)) = ^{J r v, J r v + J r Hv x ) + 2(J r v, J r (vv x )). 
dt 

Then, integrating from to t the last equality, using the fact that 

(J r v, J r K)) = ~( J r v, v x J r v) + (J r v, J r (vv x ) - vJ r v x ) (3.9) 
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and since s = r + 1/2, one has that 

\\v(- 1 t)\\l^<2LY,(l + \k\ 2 Y(l + \k\)\v(k)\ 2 
= (J r v, J r v) + (J r v, J r Hv x ) 

= (J r v(0), J r v(0) + J r Hv x {0)} + 2 f (J r v, J r F(v))dr 

Jo 

-2 / (J r v, J r (vv x ))dT. 
Jo 

Taking the limit when n — > oo, we obtain 

\H;t)\\ 2 H> <c.||tto||^r - 2 lim f < J r v, J r (vv x ))d T . (3.10) 

Using (|3.9[) and the Lemma [3~3l 

2|(J^, J^))! < \(J r v,v x J r v))\ + 2\\J r v\\ Ll JJ r (vv x ) - v.rv x \\ L%cr 

< || J r v\\ 2 L 2 pe , j\ V x\\oo + 2 II^HU= er 2 ^IK|U||^ H £-l 

< c ||u||lrr er ||«||H| er +4co||«l|fl-;. r ll»x|| fl ;-i|H|^r er 

< co||w||fl-r er ||»||fl-| ap . 

Going back to (|3 . 1 0|) it is obtained, 



\H;t)\\ Hi <dMlfl; +c / ||u(.,r)||^ \\u{;t)\\ h * dr. 

Jo 

Now, since s > r and r$ > r, then 

<c a ||«o||L +co /*||«(-,r)||Hj er |K. J r)|| ff j„|K J r)|| H .„dr 
Jo 

< C s \\u Q \\ 2 H s cr + C J ||«(-,T)|| flap ||u(-,T)||^. <r dT. 

So, using the inductive hypothesis 

\H;t)f Hi <c a ||«o|||r ; +C ro e CoT / ||u(-,r)|&. dr, 

per per I per 

«/ 

we obtain the desired result by the Gronwall inequality. □ 

Corolary 3.1 The periodic initial value problem lil.3\) is globally well-posed in 
H s per ([-K,ir]) far s> 3/2. 
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4 Ill-posedness results 



Since arguments of scaling cannot be applied to the rBO equation to obtain a 
notion of criticality, it is not clear which is the smaller indice for we can have 
well-posedness for this equation in the Sobolev space H^ er (or H S (M.)). In this 
section we will partially answer this question, we will show that the flow map 
data-solution for the Cauchy problem associated to the rBO equation is not 
smooth (it is not C 2 ) at the origin for initial data in H^ er (or H S (M.)), with 
s < 0. Therefore we cannot apply the Contraction Principle to solve the inte- 
gral equation (|4.ip , see for instance [2"5| . 

First we will analyze the problem on the periodic setting. For simplicity we 
consider functions of period 2n. We know that the linear problem associated to 
(jl.ip with initial datum <f> has solution 

u(x, t) — S(t)4>(x), 

where S satifies 

Now, if u is solution of (jl.ip . then by the Duhamcl principle we have that 

u(x,t) = S(t)(j)(x) - [ S(t-T)A[u(x,T)u x (x,T)]dT, (4.1) 
Jo 

where Au(n) = (1 + \n\)~ 1: u(n). 



Next, we prove the principal result of this section. 

Theorem 4.1 Let s < and T a positive number. Then there does not exist a 
space Xt continuously embedded in C([—T, T]; Hp er ) such that there exist cq > 
satisfying 



and 



\S(t)^\\ XT < c | 



S(t - T)k[u x {T)u{r)}di 



e E: 



per 



(4.2) 



(4.3) 



Proof: Suppose that there exists a space Xt continuously embedded in C([—T, T] ; Hp er ) 
such that (|4.2p and (|4.3p hold. Consider (j> G H* er and define u := S(t)(j>, by the 
assumption we have that u G Xt and 



S(t ~ T)A[S(t)(/>(S{t)<l>) x ]di 



< 



co\\sm\ 2 x T < 



Now, since X T ^ C([-T,T]; H* er ), we get 



S(t - T)A[S(t)<P(S(t)<p) x ]dr 



< c | 



I Hi 



(4.4) 
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We will prove that (|4.4|) does not hold choosing appropriate. For this, consider 

(f>(x) := N~ s cos(A^), with #eN, N > 1. 
First, it easy to see that 



S(t)(f)(x) = N~ s cos Ax 



A r 



1 + AT 



Then, 



#r,f):= / S(t-T)A[S(t)c(>{x)(S(t)<p(x)) x ]dT 



-N~ 



1 ^ 5(i - r)A sin (Wz - 



dr. 



Now, using the specific form of A we obtain that 
t 



S(t - t)A 



o 



mm (2Nx- 



tZr = - 



+ 



1 



2(1 + 2A0 7A r 
1 



2(1 + 2Ar) 7jv 



2N Z 



where 7A r = (1+jY)(1+2jY) ■ 



^»(x,t) = ^Ar 2s+1 . 1 OArX 

^ V ' ; 2 7^(1 + 2^) 

Now, it is easy to see that 
But, ' 



Therefore 

cos I 2A^x 



2N 

TT2iv' 



t - cos 2ATa; - 



2N 
1 + A/" 



g * 1 + 2JV 11 g 6 1 + A 



(1 + 4A r2 ) 5 



b 1 _l_ \7 <• 



g 1 1 + 2W 1 — g * 1 + JV 



2 - 2 cos (^i - j^-tj . Hence, 



1 + iV 1+2W 

\M-,t)\\H}„ ~Ar- s (l-cos( 7iV i)) f 
Note that ||0||^ s - 1, then for all £ e (0, T) we have 

W;t)\\H, 
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A^ S (1-C0S (7Art)) ! 



Without loss of generality suppose that < T < 2ir and consider s < fixed, 
then since — > 1~, as A~ — ► +00, we obtain for all < £ < T that 



-00, 



as A~ — > +00, but this contradict (|4.4|) . which finishes the proof of the theorem. 
□ 



As a consequence of the last theorem we get the next result. 
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Theorem 4.2 Fix s < 0. There does not exist a T > such that U.l]) admits a 
unique local solution define on the interval [-T, T] and such that the flow map 
data-solution 

•—♦«(*), te[-T,T] 

for U.l]) is C 2 differ entiable at zero from H^ er to H!^ er . 
Proof: Consider the Cauchy problem 

J u t + u x + uu x + Hu xt = 0, 

\ u(0,x) = (f> 1 (x), 0< 7 <1 ' ' >J 

where 4> 7 (x) = j(p(x). Suppose that 1/(7, t, x) is a local solution of (jl.ip and that 
the flow map data-solution is C 2 at the origin from Hp er to H^ er . Then 



9u 

and 



{l,t,x)\ 1=0 = S(t)<j>(x) 



a 2 u f* 
■^■(7,*.*)l7=o = -2 J S(t-T)A[(S(T)(b)(S(T)^ x ]dT. 

Using again the assumption that the flow map is C 2 at zero, we have 
rt 



S(t-T)A[{S{r)<t>)(S(T)<l>) x }dT 



<coHf Hi 



But the last estimative is the same in (|4.4|) , which has been shown to fail in the 
last theorem. This finishes the proof. □ 

Now wc will establish the result in the non-periodic setting. Recall that in 
this case we have 

S(t)4>(x)= f £(f)ev ^^d? 
Jr 

and Au(£) = (1 + Let us start with a lemma. 

Lemma 4.1 

ft 

S(t-T)A[(S(T)(/>)(S(T)<f>) x }dT = 

£ ^ ^ e -itx(£,v) _ 1 



where p(f ) = and x(f , v) = p(v) + P(f ~ V) ~ P(0 ■ 
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Proof: The proof is very similar to Lemma 1 in [3D], we will do it here just for 
sake of completeness. Using the inverse Fourier transform is easy to see that 



S(t-T)A[(S(T)<t>)(S(T)<f>) x ]dT 

n 

t 

' d£,dr 



e i(fz-p(e)i) e T P (S) 



;i (S(r)mS(r)m) 



i + iei 



1 + |?| ./o 

/" „ P ^ ^ p-i-r\p(ri)+P(t-n)-p(£)] _ 1 

= i / e »«*-p(0t) } 77T«. 

which finishes the proof of the lemma. □ 
Next, define 

<p{x,t) := [ S{t-r)k[{S{T)<l>){S{T)<t>) x ]dT, 
Jo 

then using the last lemma we have that 

In this case we consider 

0(0 == W~'X[jv,jv+i](0> with JVeN, TV » 1 

where denotes the caracteristic function of A. Note that ||0||_fjs( R ) ~ 1- 
Additionally, using (|4.6p we get 

with 17^ = {r/ : rj G supp <fr and £ — 77 G supp 0}. Now, since s < 0, we 
can chose e > such that — s — e > 0. Consider £ = N~ e and note that for 
£ G (2iV + §, 27V + 1) we have /j(O e ) > 1. 
It is easy to see that 

X( ^ )= (1 + ,)(! +0 - 3 V ^-^[^,JV + 1]. 
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Then for N big enough we arrive at 

I-2N+1 



> 



> 



27V+I 
2N+1 

2JV+I 
2JV+1 



/2AM ^ 

> N- is N 2s t 2 . 



{l + \i\ 2 ) s N- 

(i + \eyN- 



4s 




(1 


+ iei) 2 


4s 


\e 


(1 


+ iei) 2 


4s 


\e 


(1 


+ iei) 2 



\t? 
\t\ 2 
\t\ 2 



e -itx(£,v) — 1 



-d?7 



Im 



e -«*x(4,'7) _ i 



sin(tx(C,^)) 



dr) 



-dr/ 



dl; 



Hence 



l-||0ll^( R )>ll^(-,t)ll^(R)>^" S " e , 

which is a contradiction for N ^> 1. This completes the proof in the non-periodic 
case. 



5 Periodic travelling wave solutions 

The aim of this section is to show the existence of a smooth curve of periodic 
travelling wave solutions for (|1.5[) . via the Poisson Summation theorem. In fact, 
consider the following equation 

uH(p' w + (w- l)(p w - -(pi, = 0. 

This equation determines solitary travelling wave solutions to the rBO equation 
on K in the form 

4(w- 1) 

Vv>( x ) = ; T-T2 . w>l. 

1 + 

Its Fourier transform is given by 



Therefore, by the Poisson Summation theorem (see Theorem l2.1l in Section 2), 
we get the following periodic function, 



2ttw 



ipw(x)= <Pw(x + 2Lri) = — Y e !,m " 1|t(;If 

n— — oo n— — co 

2irw \ - /"nirx\ 
2^ e„ e cos {—) 



L 

n=0 



2itw 



sinh 



cosh 



2{w-l)L 



(5.1) 
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where in the last identity we used the Fourier expansion 1.89 in [35] (see also 
03]) and 

J 1, if n = 
£ " 1 2, if n= 1,2,3,... 



Now, consider <f> c , with 1, a smooth periodic solution of the equation p. 5 
Then <fi c and 4> 2 can be expressed as Fourier series 



0c (a:) = ^ a„e"i" and <^(x) = b„ 

n— — co n 

Replacing the last equations in (|1.5p we obtain that 



n— — oo 



ca„[l + j-n] - a„ = - ^ 



m^n—m j 



Vn G Z. 



(5.2) 



(5.3) 



Now, from (|5.1|) we consider a„ = ^J^e ' ? l n l, n G Z and 77 > 0. Substituting a„ 
into the last identity we obtain 



m^n—m 



4ttV -r?|n| 
— e 



1 + 2E' 



,-2r,fc 



fc=l 



4ir c 



■e-' ) l"l(|n|+coth7 ? ). 



Therefore, we conclude that 



i + -N 



- 1 = — + cotb.77), Vn G Z. 
L 



We denote 77 = 



and consider c / 1 such that < 



< 



(5.4) 
^. We 



then we get from (|5.4p that 



2(u>-l)L 

choose w = w(c) > 1 such that tanh(?7) = r^zjw, 
V'tu(c) = 0c, hence, C is given by (15 . 1 j) - Therefore, we obtain that </> c has the 
form (|1.7[) with 77 > satisfying tanh(7/) = (^rfyg ■ 



Remark 5.1 (1) ./Vote /rom i/ie /aci i/iai c 7^ 1 satisfies < — §j < — i/iai we 

/lave i/iree cases: 

(a) If L — it, then c G (—00, 0) 

(6) If L<ir, thence (1 + x^-,0) 

(c) // £ > 7r, then c G ( — 00, 0) U (l + ^^+oo) 

(2) Observe that the sign of the solution <f> c depends on the sign of c, since we 
are interested in positive solutions (to apply the theory in JWj ) we will suppose 
that L > 7r and c > 1 + -r^— . 

Also it is worth to note that if we consider c = 1 in (|1.5[) . then the unique 
real smooth solution that we obtain is cf> = 0. In fact, in this case we have that 



satisfies H(/>' — \4> 2 



0. Taking Fourier transform we arrive at 

+00 



2\n\${n)- - fe)^(fc) = 0, Vn g N. 



k=-c 
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In particular for n = 0, we have that J>2k=-oo 0( — = 0- Since (ft is a real 

solution we have that <j>(—k) = <ft(k). Therefore ||</>||l 2 = 0, then using the 
smoothness of (ft we get that = 0. 

Now, using the fact that r/(c) = tanh -1 ( ^zfyg ^ is a differentiable function 
if c 7^ 1, we have the next result 

Proposition 5.1 Let L > ir. Then the curve c € (1 + -j^— ,+oo) — > (ft c € 
i 

Hper{[—L,L]) is of class C , where (ft c is given by |J.7| j. Furthermore, since 
c > 1 + ^z— , we /iaue £/ia£ C > 0. 



6 Spectral Analysis 

This section is dedicated to study specific spectral properties associated to the 
linear operator C = cHd x — 1 + c — t/> c , where (ft c is the periodic solution (|1.7| 
given by proposition 15.11 with fundamental period 2L, L > it and c > 1 + -r^— . 
This information will be basic in our stability theory for the rBO equation. 

Our analysis will be on the periodic eigenvalues problem considered on 
[-L,L] 

{ , i (6-1) 

[X(-L)=X(L), D* X {-L) = D*x(L). 

We will show that problem (|6.ip determines exactly the existence of a single 
negative eigenvalue, which is simple, that zero is also an eigenvalue simple with 
eigenfunction <fi' c and the remainder of the spectrum is bounded away from zero. 
In this point we will used the theory developed by Angulo and Natali in [TD] . In 
fact, initially deriving the equation (|1.6[) with regard to x we get that £<ft' c = 0, 
therefore zero is an eigenvalue with eigenfunction associated (ft' c . Additionally 
from the theory of compact self-adjoint operators we have that (|6.ip determines 
that the spectrum of C is a countable infinity set of eigenvalues {A n }^L with 

A < Ax < A 2 < ... , 

where A„ — > oo as n — > oo ( see for instance Proposition 3.1 in [10)). 

For the sake of completeness we will make here a summary of the theory 
given in [TU] . In this work was studied the existence and the nonlinear stability 
of periodic travelling wave solutions for the family of equations 

u t + u v u x - (Mu) x = 0, (6.2) 

where p > 1 is an integer and M is a pseudo-differential operator in the context 
of periodic functions, defined through Fourier multipliers as 

Mg(k) = ((k)g(h), V k e Z, 
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where the symbol £ of M is a real, measurable, locally bounded and even func- 
tion satisfying 

AM mi <C{n)<A 2 {\ + \n\) m \ (6.3) 

for 1 < mi < m 2 , \n\ > no, ((n) > b for all n € Z and Aj > 0, i = 1,2. The 
main result in [lOj is the determination of the spectrum of the linear, closed, 
non-bounded and self-adjoint operator Co : D(Co) — ► L^ er ([—L, L]) given by 

C u = (M + c)u - (jfu, (6.4) 

where D(Co) is dense in Lp er ([— L, L]) and ip c is a periodic travelling wave 
solution for the equation (|6.2[) . The principal result reads as follows (see [TU]). 

Theorem 6.1 Suppose that tp c is a positive even solution of such that 

ip c > and ifc £ PF(2) discrete. Then 

(a) Cg has a unique negative eigenvalues X, and it is simple; 

(b) the eigenvalue is simple. 

Here a sequence a = (a n ) rae z C R is in the class PF(2) discrete if 

(i) a n > for all n € Z, , 

\ (6-5) 

(ii) a ni - mi a n2 - m2 ~ a ni _ m2 a„ 2 _ mi > for n\ < n 2 and mi < m 2 . 

Although the rBO does not have the form (|6.2p . we still can apply their result 
to get the required information about the spectrum of the operator in (jl.9p . 
For this, consider L > ir, c > 1 + -y-^— and define M — cHdx — 1, then C = 

L — 7T 

(M + c) — (f> c . In this case, 

Mf{k) = C(k)f(k), VfceZ 

where = c\k\ — 1. Furthermore, considering A\ = 1, A2 = c and mi = m 2 — 
1, there exists iVo € N such that ( satifies (|6.3p for all k > Nq. 

Since c > 1 + L ^_^ , and r/ > 0, then C > and it is clear that o n = <j) c {n) = 
^ e -»;l«l > 0. 

Before to continue with the study of the spectrum of C given in (|1.9p . we 
note that the main theorem in [TO] is still valid if we replace (ii) in (|6.5|) by the 
weaker condition 

{Q!ni-miQ : n2-m2 _ "ni-fna^-mi > 0j f° r au "l < n 2 and mi < m 2 , 
Q!ni-miQ;„ 2 -m2 ~ a ni ^ m2 a n2 - mi > 0, if n\ < n 2l mi < m 2 , n 2 > mi, 
and n\ < m 2 . 

So, in order to use the result obtained in [TUj we just have to show that a n = 
2|7r e -<7M satisfies (ii'), which is equivalent to prove that 

(a) \ni — mi| + \n 2 — m 2 | < |m — m 2 | + \n 2 — mi\, if ni < ?i 2 and mi < m 2 , and 



19 



(b) |7ii-mi| + |n 2 -TO 2 | < |ni-TO 2 | + |n 2 -mi|, if n\ < n 2 , mi < m 2 , n 2 > mi 

and n\ < m 2 . 

The proof of (a) and (6) are easy, so we skip the details, then as a consequence 
of this analysis we have the next result. 

Proposition 6.1 Let 4> c be the periodic wave solution given by Provosition \5. 1[ 

with c > 1 + an d L > tt. Then, the linear operator C define by il.9\) with 
i 

domain H£ er ([— L, L]) C Lp er ([—L, L]) has its first two eigenvalues simple with 
zero being the second one (with eigenfunction -^<fi( x ) )■ Moreover, the remainder 
of the spectrum is constituted by a discrete set of eigenvalues which converge to 
+oo. 

7 Stability of travelling wave solutions 

In this section we will use the Lyapunov method for studying the nonlinear 
stability of solutions u(x,t) = cj) c (x — ct) with <f> c given by Proposition 15. II For 
this, the use of the conservations laws for (jl.ip 



will be required. The notion of stability that we will prove is the orbital stability, 
more precisely, we shall prove that the orbit generated by 4> c , 



is stable for the periodic flow generated by the rBO equation. Namely, for every 

3 

e > there exists 5(e) > such that if uq G Hp er and 



inf ||u - 4> c (- +y)|| i <S, 

then the solution u of the rBO equation (| 1 . 1 [) with initial datum uq satisfies 

\\u(t)-4> c (-+y)\\ i <e, 

for all t e E and y = y(t). 



Note that we do not have a well-posedness result in Hp er , for this reason in our 



definition of stability we took initial data uq in Hp er . 

Before to establish our main result we will prove an useful Lemma. 

Lemma 7.1 Let <f> c be the wave solution given by Proposition 15. Jl with c £ 
I 1 + +oo j and L > n. Then, the linear operator C = cHdx — 1 + c — 4> c 




■x 



3 



20 



satisfies that 

(a) a := inf{(£/, /) : ||/||^ ar = 1 and (/, <f> c + Hcp' c ) = 0} = 0, (7.1) 

(b) / 9:=inf{(£/,/):||/|U 5 . r = l,(/ > 0c + W^)=O and (/, C 0' C ) = 0} > 

(7.2) 

Proof: (a) Because (j> c is bounded, it is inferred that a is finite. Since ((/>, C + 
H(f>' c ) = and = it follows that a < 0. Next we will show that the inf in 

(|7.1[) is attained. In fact, since a is finite, there exists a sequence {/j}^L ^ Hper 

with ||/ J ||z,2 er = 1, (fj, 0c + ^^c) = an d {£fj-,fj) -> a as j -> oo. It follows 

that H/jll i is uniformly bounded as j varies. So, there exists a subsequence 

v i 
of /j, which we denote {fj} again and a function /* £ i/p 2 e r such that /j — 1 /* 

i i 
in Hp er . Now, since the embedding H 2 P' r °-s- L 2 er is compact we obtain that 

(f*Ac + Wc) = and fcfjJi) — > (0c/*,/*) when j oo. So /* ^ and 
since the weak convergence is lower continuous we obtain 

WDlrWh < liminflpl/illla . 

per J-^OO P ei ~ 

Now, define / = ^4^, then (/, C + = 0, ||/|| L a = 1 and 

\\ J II 1,2 per 

Therefore, a is a minimum. Now, we want to show that a > 0. In this case, we 
will apply the Lemma El in [36 ( which works in the periodic setting ) in the 
case that A = C and R — cf) c + H(f>' c . In fact, from Proposition 16.11 C has the 
spectral properties required by Lemma El. Next, we need to find x such that 

C\ = 4> c + 'H't'c an d (x>4>c + Hftc) < 0. In fact, from Proposition 15.11 we have 

i 

that the mapping c £ (1 + j^— , +oo) — > <fi c G Hp er ([—L, L]) is of class C 1 , so 
by differentiating (|1.5p with regard to c we obtain that \ = ~~^ ( t )c satisfies 

Observe that, 

, oo o 2 00 

( X ,0 c + H0' c ) = -L- ^ (i + | n |)|^(„)|a = __L£ £ (l + |n|) e - 2 N" 

n— — cjo n— — oo 



87r 2 c 2 dry ^ 



(l + |n|)|n|e- 2 W". 



L dc ' 

n— — oo 

But, from (|1.8p and using the fact that c > 1 + t^-, we have that 



di] d 

dc ~ Jc V"""" \{c-l)L}} {c-l) 2 LV \{c-l)L 



-l 



tanh" 1 | ; "" I I = I 1 - I ; II < 



21 



Therefore (x, 4>c + 7~L4>' C ) < and Lemma El give us that a > 0. This finish the 
proof of (fTTTj) . 

For part (b). From part (a) is inferred that j3 > 0. Suppose that /3 = 0. then 
we can find a function / such that H/Hl^ = 1 and (/, <f) c + Ti.(f)' c ) = (/, <j} c ^' c ) — 
(£/, /) = 0. Therefore, there exist 7, 6, v such that 



So, 7 = j/ = 0. Therefore £/ = 9{4> c +TL(f)' c ). Now consider x = — gj^c, it follows 
that C(f-0x) = O, then C + = = (/, cj> c +Hct>' c )-6{x, <f> c +H4>' c ), 

so, 9 — 0, because (x,T~L(f>' c ) 0, therefore Cf = 0, and so there exists a 
A £ K - {0} such that / = \<j)' c , and hence / is orthogonal to <f> c 4>' c , which is a 
contradiction. Therefore j3 > and the proof of the lemma is completed. □ 

We note that from (|7.2|) and from the specific form of C we have that if 
(/, (p c + T~t4>' c ) = and (/, 4>c4>' c ) = 0, then there exists /3q > such that 



Now we establish our main result. 

Theorem 7.1 Let L > tt and <p c be the periodic wave solution given by Propo- 
sition 's^ with c£ |l + T~^> +00^ . Then the orbit 0^ c is nonlinear stable with 
regard to the periodic flow generated by the rBO equation. 

Proof: The proof is based in the ideas developed in [TT], [TS], [37], [TU]. We 
shall give only an outline of the proof. Initially, note that F'(u) — u + TLu x and 
E'(u) = Hu x — i« 2 , then (f> c is a critical point of the functional B = E+(c— 1)F. 
Additionally, since F"{u) = 1 + TLd x and E"{u) — TCd x — u, we have 

E"{<j> c ) + (c - l)F"{<j) c ) = cHd x + (c-l)-q> c = £. 

Now, define for r E [-L, L] and t £ K, 



then, using standard arguments (see [TTJ [15]) there exists an interval of time 
I = [0,T] such that the inf ft t (r) is attained in 7 = 7(f) for every t € I. 
Hence, we get that 



Cf = 7/ + + H4>' c ) + v^ c . 



(£/,/) > A)||/|| 2 



n t (r) = ||23itt(- + r,t) - £>^ c ||| 2 + £=1||«(. + r, t) 





(7.3) 



u(a; + 7, t) — 4> c {x) + u(x, t) 



(7.4) 
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for t € [0, T] and 7 = 7(i) determined by (|7.3[) . Then, differentiating fit(r) with 
respect to r, evaluating at values that minimize f2t (r) and using (|T.4[) we obtain 
that v satisfies the compatibility relation 

L 

cf)' c (x)(f> c (x)v(x, t)dx = 0, (7.5) 

-L 

for all t € [0, T]. Next, using the fact that E and F are conserved quantities, the 

1 

representation (|T.4[) . the embedding _ff p 2 er ([— i, L]) <^-> L r ([— L,L]), for all r > 2 
and the fact that <f> c satisfies (jl.5j) . we conclude 



AB(t) = B(«o) - B(<^c) = B(«(-,t)) - B(^) = B(0 C + w(-,t)) - B{cj> c ) 

>\(Cv,v) - c Q \\vf h . (7.6) 

J-iper 

where Co is a positive constant. To obtain our result we need to establish 
a suitable bound for the quadratic form in (|7.6D . Initially, we consider the 
normalization F(uo) = F(4> c ), then, 

L pL 

u 2 (t) + (D?u(t)) 2 dx = 4> 2 C + (D?(f) c ) 2 dx 

L J-L 

for all t e [0, T}. By JTU it follows 

-2(«, C + H0 C ) = ||u(t)|U ?er + ||£>^|U ?er . 

Without loss of generality, we suppose that \\4> c + H(/>' c \\L 2 er = 1- Define ti|| and 
v± as U|| = (v, 4> c + H(f)' c )((f)c + T~C4>' C ) and v± = v — v\\. So, (v±, (f> c + H<p' c ) = 
and (v±, 4>c4>'c) = 0- By (|7.5p and Lemma ITTTI it follows that 

(r«x,«x)>/3|M&i -AlHI% (7.7) 

per per ffj 2 er 

with /3, /3 3 > 0. Again, without loss of generality suppose that (£((f> c +H4 l ' c ),4 l c + 
Hct>' c ) < 0, then 

(Cv {] ,v {] )>-P4v\\ 4 L . (7.8) 

Furthermore, using the Cauchy-Schwarz inequality we get 

(Cv h v ± ) > -I3 2 \\v(t)\\ 3 , , (7.9) 

where /3j > 0, for j = 3, 4. 

Now, using (|7.7|) . (|7.8|) . (17. 9|) and the specific form for C we conclude that 

(£v,v)>p \\v(t)\\ 2 1 -fh\\v{t)\\\ -&IK*)II% ■ (7-10) 

per 11 j>er ± - L pe.r 
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where /3,- > 0, for j = 0, 1, 2. Hence, from ([73]), ([71]) and (j7TTU|) it follows that 
for all t £ [0, T] 

AS(i)> 5 (|| V (t)|| |iC ), (7.11) 
where := \\Di ff L2 + ^\\f\\ 2 L2 and <?(s) = s 2 - with 

2 i u per per 

77, dfe > 0. The essential properties of g are g(0) = and g(s) > for s small. The 
stability result is an immediately consequence of (|7.1ip . In fact, let e > small 
enough such that g(e) > 0. Then by using the properties that B is uniformly 

continuous on S := |it £ Hp er : F(u) — F(0 C )| , AB(t) is constant in time and 

1 1— > ||i;(£)|| 2 i is a continuous function, we have that there is (5(e) > such that 
2 - c 

if v e S and ||w - <p c \\ i )0 < <5 then for t £ [0,T], 

ff (||w(t)||i )C ) < AB(0) < |AB(0)| < 5 (e) ||«(t)||| iC < e. (7.12) 

1 

Which shows that is orbitally stable in Hp er {[— L, L]) relative to small per- 
turbations which preserve the L 2 er norm. 

The inequality (|7.12p is still true for t > 0, this is an immediately consequence 
of the fact that the the mapping 1 1— > inf rS R flt(r) is continuous (see |15j). 

To prove stability to general perturbations, we use that the mapping c £ 

1 

(1 + j3j,+oo) 1— ► cf) c £ Hper{[—L, L]) is continuous, that the mapping c £ 
(1 + ,+00) 1 > F(4> c ) is strictly increasing, the preceding theory and the 
triangle inequality (see [TS], [37], [3]). Then Theorem 17. II is proved. □ 

8 Generalization of the theory 

In this section we will extend the theory developed for the rBO to a family of 
equations of the form (jl.lOp . H is defined as a Fourier multiplier by 

Hu(n) = a(n)u(n), n £ Z, 

where the symbol a is assumed to be a real, mensurable, locally bounded, even 
function on R, satisfying the conditions 

AiM mi <«(n) < A 2 (l + \n\) m \ (8.1) 

where 1 < mi < m^, \n\ > uq, a(n) > b for all n £ Z and A$ > 0, for z = 1,2. 

The travelling wave solutions in which we arc interested will have again the 
form 

u{x,t)=(j)(x-ct), (8.2) 
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where the profile <j> : K — * K is a smooth periodic function with fundamental 
period (a priori) 2L > 0. 

Then substituting the form (|8.2p in (|1.10[) and integrating once (and consid- 
ering the constant of integration zero in our theory) we arrived at 

cff<k + (c-l)<k-— j— # +1 =0. (8.3) 

As it is well known the equation (jl.lOp has two conservation laws 

1 f L „ 2 



and 



E(u) = - / uHu - - - -u p+2 dx 

K ' 2J-L (p+l)(p + 2) 



uHu + u 2 dx. 



-L 

If we consider a priori the existence of a periodic travelling wave solution <j) c for 
the equation (|8.3[) . it is easy to see that E'((f> c ) + (c — l)F'{(j) c ) = 0. 

Now, define C := ^"(0 C ) + (c- 1)F"(0 C ) = cff + (c - 1) - that is, 

£?i = cHu + (c - l)u - <j? c ii. (8.4) 

Then the operator C : -D(£) — > L 2 er ([—L, L]) is linear, closed, not bounded and 
self-adjoint defined on a dense subset of L 2 er ([—L, L]), Also it is easy to see that 
£(f)' c = 0, this is, zero is a eigenvalue of £ with eigenfunction <f>' c . 

Following the proof that we already made to get the orbital stability of 
periodic traveling wave solutions for the rBO equation, the conditions which 
prove stability are 



(Co) there is a nontrivial smooth curve of periodic solutions for 

of the form ce/ci^^e H%£([-L, L])\ 
(Ci) L has an unique negative eigenvalue and it is simple; 
(C2) the eigenvalue zero is simple; 
(tfa) £f^<f>cH<p c + <f> 2 dx>0. 

(8.5) 

Next we will show that is possible to use the theory established in [10] to 
give suficient conditions to obtain C\ and C2 for the operator C associated to 
the problem p.!0[) . Let us start with a proposition which says that the essential 
spectrum of C is empty. Its proof follows the same ideas as in Proposition 3.1.1 
in [TO]. 

Proposition 8.1 The operator C in {8.4$ is closed, unbounded, self-adjoint on 
L 2 er ([— L,L]) whose spectrum consists of an enumerable (infinite) set of eigen- 
values which converge to +00. In particular, C has zero as an eigenvalue with 
eigenfunction -^4> c - 
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Next we establish the principal result of this section. 

Theorem 8.1 Let <p c be a positive even solution of (8. Sty . Assume that cj> c > 

and (f>c £ PF(2) discrete, then (C\) and (C2) in (8.5\) hold for the operator C 
in (8~4ty . 

Proof: Note that the operator C can be written as 

Cu = (M + c)u - 4? c u, 

where M = cH — 1. The symbol of M is £(n) = ca(n) — 1. Using (|8.ip it is easy 
to see that for all c 7^ there is no £ N such that 

BiM mi < CH < B 2 (l + M)" 12 , Vn > n , 

where B\ = r^x[ an( ^ ^ 2 = Cj ^ 2 + ^- Then we can apply Theorem 4.1 in [10] to 
obtain that C\ and C2 hold for the operator C. □ 



8.1 Stability of the BBM equation 

Next, we are interested in applying the Theorem 18.11 to obtain the orbital sta- 
bility of travelling wave solutions associated to the BBM equation. Let us start 
with the definition of stability in the case of equation p.lO[) . 

Definition 8.1 Let <fi c be a periodic travelling-wave solution with period 2L of 

m 2 

\8.Sty . We define the set f2^, C H p £ r , the orbit generated by <f>, as 
^0 = {/ : / = 4>{~ + r ) f or some r £ K}. 

m 2 

And, for any 7 > 7 we define the set C/ 7 C H p £ r by 




With this terminology, we say that <fi c is (orbitally) stable in H p £ r by the flow 
generated by ll.lCty if the following hold: 

(i) There is sq such that H p ° r C H p £ r and the initial value problem associ- 
ated to U.10\) is globally well-posed in Hp° r . 

(ii) For every e > 0, there is S > such that, for all uq £ Us n Hp° r , 
the solution u of Hl.lOty with u(0, x) — uq{x) satisfies u(t) £ U t for all t > 0. 

m 2 

Otherwise, we say that (f> c is unstable in H p i r . 

The proof of the following general stability theorem can be shown by follow- 
ing the ideas used in the rBO stability theorem. 
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Theorem 8.2 Let (j) c be a periodic travelling-wave solution of i8.3\) . and sup- 
pose that part (i) of the definition of stability holds. Suppose also that the 
operator L defined previously in \8.J$ has properties (Ci) and (C2) in &8.5\) . 
Choose x € Lp er such that L\ — 4> c + H<f) c , and define I = (x, C + H4>) ip. . If 
I < then 4> c is stable. 

Remark 8.1 In our cases the function \ in Theorem \8.2\ is x — ~"j^ ( t ) c- 

Now, we apply the results obtained previously to the proof of the stability 
of periodic travelling-wave solutions of cnoidal type associated with the BBM 
equation 

u t + u x + uu x - u xxt = 0. (8.6) 
In this case the travelling wave solutions associated to (|8.6p satisfy 

c£- (0-1)^+^=0. (8.7) 
We consider the solitary wave solutions 



ip w (x) — 3(w — l)sech 



2 



w — 1 x 



w 2 

with w > 1, whose Fourier transform is given by 



0t(o = i2^csch (y-J^x 

Then from the Poisson summation theorem we consider 

12w I w _i , 24ttw u ( 1 ~ 7rn ^ ( 2nn^ 



Note that for each L > fixed, there exists a unique fco G (0, 1) such that 
K ^ < 1 and since w > 1 is arbitrary, we can consider w := w(k) such that 



K(k')L 

~ K(k')L 



1 _ K(k) for aU k e ^ where k ,2 = 1 _ fe2 Then; we obtain 



_ 12w f— 24irw^ , {TmK'\ /27mA 

4> w (k)(0 = + -j2~ 2^ n csch [—%- J cos [— J ■ 

Now, we use the Fourier expansion of dn 2 (see [32]), that is, 

00 



K 2 



L ) K 

-(2LKL) 

where q = e V K ) . We can conclude that 

q n 1 , fmiK' 

= - csch 

l-q 2n 2 \ K 



nq n ( 2nn^ 

■ cos 



q 2n 
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Thus we obtain from (|8.8p that 

- OAK 2 nn r „ fO.KP \ Rl 

(8.9) 



, . , \2w f—T 24K 2 w 
for fc G (0, fcg) fixed. 



Next, because the last equality we will consider (f> c (x) = a+b [dn 2 (<i£; fc) — 
a periodic travelling-wave solution for (|8.7[) with period L. Then, the following 
nonlinear system is obtained: 



V - 6cbd 2 = 

46d 2 c(l + k' 2 ) + ab- b 2 § ~ (c - 1)6 = 
£ - a&f + £ (f ) 2 - (c - l)o + (c - l)6f - 2cM 2 fc' 2 = 0. 

Since </> c is periodic of period L it follows that d = ^jf. Then, from the first 
equation of the system above we have that b — 48< ^f ■ Substituting those values 
at the second equation we get 

aL 2 = A&cKE - \QK 2 c{2 - k 2 ) + cL 2 - L 2 = 0. 

Plugging the values of aL 2 , d and b in the third equation of the system we 
arrived at the following quadratic equation 

[256^ 4 (1 - k 2 + fc 4 ) - L 4 ] c 2 + 2cL 4 - L 4 = 0. 

The solutions of this equation are 

L 2 , L 2 

and 



L 2 + 16K 2 Vl - fc 2 + fc 4 L 2 — 16K 2 Vl - k 2 + fc 4 



Next, if we want to use Theorem 18. II we need that cH — 1 + c > 0, that is, 
ck 2 — 1 + c > for all fc e Z, in particular for fc = we obtain the c > 1. If we 
choose c as 

L 2 



C : 



L 2 + 16K 2 Vl -k 2 + k A 
we will have that < c < 1, then we cannot apply Theorem 18.11 in this case. 
For this reason, for L > 2tt fixed, we will choose 

Vfce (0,fc L ), 



L 2 - 16K 2 VT^¥ 



U4 ' 



where k L e (0, 1) is such the 1? - 16K 2 Vl - k 2 + fc 4 > for all fc € (0, fcx). 

Observe that for L > 2tt fixed, we get that fc i— » c(fc) is an increasing function 
on (0, fci) (see Figure 1), therefore for all fc G (0,fci) we have c G (c*,+oo), 
where c* = 1 + ^a^a ■ 
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We can write cf> c in terms of cn 2 , that is 

0c(aO = ft + G9a " A) cn 2 N V k 

where 



(8.10) 



16cK 2 (2£;' 2 - 1) , fl 

02 = - + c-l, 03 



L 2 



16ci^ 
L 2 "" 



(l + fc 2 )+c-l 



and 0i is such that 



03 - 01 = 



48CX 2 

Z 2 ' 





Fig. 1: Graphic of c(k) with L = 7 



Fig. 2: Graphic of a(k) with L = 8 



Next, by making a similar analysis such as in the case of KdV equation in 
[TO] ( see also [7]), we can obtain a smooth curve of positive cnoidal waves with 
the form (|53D|) . c S (c*,+oo) i — ► C G i/" er ([0,L]) for all n G N, such that 
fc := fc(c) is a strictly increasing smooth function of c. Moreover, we can deter- 
mine that for k G (0, fci) there is a unique c € (c*,+oo) such that fc(c) = fc. 
Therefore, the function w{k) defined above can be expressed as a function of c, 
w = w(k(c))i and it is a strictly increasing function (we will prove it later). 

Now, since wgn G (0, i), for all fc G (0, fco), it follows that for c G (c*, +oo) 
we obtain w(k(c)) G (l,+oo). Therefore the mapping c € (c*,+oo) i — ► 
■0to(fc( c )) G -ffp l er ([0, L]) is a smooth curve for all n G N. 

Concerning the well-posedness it is well-known that the BBM equation is 
local well-posed in H^ er for s > 1/2 and global for s > 1, which is enough for 
establish our theory of stability on the periodic case, but it is worth to note 
that Chen in 19J improved this result proving global well-posedness in L 2 er . 



Next we present the stability result for the BBM equation. 
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A 2 

Theorem 8.3 Assume L > 2ir fixed. If c > 1 + £ ^ 47r ^ , then the periodic 
travelling wave solution <p c in h8.1Q\) is stable by the flow of the BBM equation. 



Proof: Note that <f> c — a(k(c)) 

m 16cK 
a(k) = — 



24c / ' ( ' i 



(He)) 



, where 



3E- (1 + k' )K 



c-1. 



Thus, for s(fc(c)) := a(k(c)) - ^PJ 2 ^, we can write cj> c {x) = s(k(c)) + 



^^Pw(k(c)) ( x )- Therefore, we obtain easily that the Fourier coefficients of (f) c 
are 

a(k), n = 



<j> c (n) 



csch 



It is worth to note that 
1 

a= L 



dx = 



2c 
wL 



tp w dx, 



then \ J Q ip w dx = f^f, that is, ip w has average 

Now, using the fact that = 16K ^jj k ' 2 + kl we can write s as 
16K 2 



s(k) 



L 2 



The function ~s is a positive function in (0,1), in particular in (0, fcz,), which 
does not have any root on the extremes of the interval (0, fc^). We can also 
determine that a(k) is a positive strictly increasing function (we wil prove it 
later). Therefore, we can follow the same ideas in [10] to get that 4> c S PF(2) 
discrete. 



Next, it is easy to see that x = — Js^ c satisfies C\ = <j> c — 4>c- Then by 
Parseval theorem, it follows that / = --§^ M| (1 + | • | 2 )3</> c || 2 2 ). But, 

| (11(1 + I • m c \\l) = 2a(fc)|| + d £(1 + M> 2 csch 2 (/^f) 

+ c 2 ((«, - DM)" 172 ^ g Ed + M Vcsch 2 (v^¥) coth (y^f) , 

where Ci = Ci(L, c) > and C2 = C2(£, c) > 0. Now, to prove that / < we 
only need to show that ^ and ^| are positive, because k — k(c) is a strictly 
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increasing function and b n = (1 + |n| 2 )n 3 csch 2 coth is 

clearly a positive sequence. Hence, we have. 



dw 
~dk 



2L 2 K'K 



dk 



(L 2 K' - K 2 ) 2 



Vfc g (0,fc o ). 



Since > and ^ < we get that ^ > for all k e (0, fc ). 
Finally, note that 



a(k) = c 



16K 



L 2 
16K 2 c 



[3E - (2 - k 2 )K] + 



3-| - 2 + fc 2 + \/l - k 2 + k 4 



-: ca(k). 



Since a(k) and c(fc) are an increasing positive function (see Figure 1 and 2) we 
have that gf > 0. Therefore, J < and the positive cnoidal waves 4> c are stable 
in Hp er ([0, L}) by the periodic flow of the BBM equation. □ 



Remark 8.2 In an upcoming work we will present the stability theory for the 
modified BBM equation (p = 2) and the critical BBM equation (p = 4). 
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